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Abstract
It has been shown that (2+1)-dimensional N = 8 super Yang-Mills (SYM) theory with
electric flux is related to (2+1)-dimensional noncommutative open string (NCOS) theory by
‘2-11’ flip. This implies that the instanton process in SYM theory, which corresponds to D0-
brane exchange(M-momentum transfer) between D2-branes, is dual to the KK momentum
exchange in NCOS theory, which is perturbative process in nature. In order to confirm
this, we obtain the effective action of probe M2-brane on the background of tilted M2-
branes, which would correspond to the one-loop effective action of SYM theory with non-
perturbative instanton corrections. Then we consider the dual process in NCOS theory,
which is the scattering amplitude of the wound graviton off the D2-F1 bound state involving
KK-momentum transfer in x2-direction. Both of them give the same interaction terms.
Remarkably they also have the same behavior on the nontrivial velocity dependence. All
these strongly support the duality between those two theories with completely different
nature.
1hyun@phya.yonsei.ac.kr
2hshin@kias.re.kr
1 Introduction
The (p+1)-dimensional matrix theory [1, 2] describes the system of N Dp-branes wrapped
on the x1, · · ·xp direction in the scaling limit1
α′ ∼ ǫ 12 , gs ∼ ǫ
3−p
4 , gIJ ∼ ǫ , (1)
while the metric components in the longitudinal direction are kept fixed in the limit ǫ→ 0.
In this scaling limit, all the closed string modes and massive open string modes are decoupled
and thus it becomes the theory of massless open string modes only, which is U(N) super
Yang-Mills (SYM) theory on the D-branes world-volume. One may note that U(1) multiplet
in U(N) = U(1)× SU(N)/ZN degrees of freedom describe the overall motion of the system
and are decoupled from the rest degrees of freedom.
Our main concern in this paper is the world-volume theory of Dp-F1 bound states, in
which fundamental strings are dissolved into Dp-branes and turn into electric flux on Dp-
branes. They are half BPS states just like those of pure Dp-branes. In this case one may
again take the same limit as (1) which gives ordinary U(N) SYM theory with electric flux.
The resultant SU(N)/ZN theory with an ZN flux has a mass gap while the remaining U(1)
theory is free[3].
One can take different limit of the system, which is, so-called, the NCOS limit[4]. This
scaling limit is achieved by considering near critical electric field on Dp-brane:
2πα′ǫ01F01 = 1− ǫ
2
, (2)
where critical electric field corresponds to ǫ = 0. The scaling of the background metric for
closed string is given by[5]
gµν = ηµν , gij = ǫδij , gIJ = ǫδIJ . (3)
The effective open string tension is 1
4πα′e
= ǫ
4πα′
. Therefore, while α′ ≡ l2s sets the scale of
closed string modes, α′e ≡ l2e can be considered as the scale of open string modes stretched
in the electric direction.
In the presence of background electric field, or NS B-field on the D-brane world-volume,
the effective metric seen by the open strings on the D-brane worldvolume is different from the
metric seen by bulk closed string modes. The effective open string metric, noncommutativity
parameter and effective open string coupling G2o can be determined as [6, 7]
Gµν = ǫηµν , Gij = ǫδij , Θ
µν = 2πα′eǫ
µν , G2o = gsǫ
1
2 . (4)
1α, β = 0, 1, · · ·p denote longitudinal directions of the brane. Among them the electric directions on the
brane are denoted by µ, ν = 0, 1 and the remaining directions of the brane are denoted by i, j = 2, 3 · · · , p.
I, J = p+ 1, · · · , 9 denote the directions transverse to the brane. M,N = 0, 1, · · ·9 denote ten dimensional
coordinates, collectively.
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The NCOS limit [4], under which the bulk closed string modes are decoupled, is given by
ǫ→ 0 while taking α′e, Go fixed, and therefore is summarized as
gµν ∼ O(1) , gij ∼ ǫ , gIJ ∼ ǫ , gs ∼ ǫ− 12 , α′ ∼ ǫ . (5)
In this limit, the effective degrees of freedom are those of open strings on noncommutative
spacetime in which
[x0, x1] = θ .
In general, these two limits are connected by U-duality[8]. From the case of D1-F1 bound
states with the scaling limits (1) and (5), one can easily see that the (1+1)-dimensional SYM
theory on N D-strings with M units flux of electric field is S-dual to (1+1)-dimensional
NCOS theory of M D-strings with N units flux of electric field[5, 9]. The scaling limits (1)
and (5) imply that the (2+1)-dimensional SYM theory with electric flux from D2-F1 bound
states wrapped on two-torus is related to (2+1)-dimensional NCOS theory by the, so-called,
‘2-11’ flip, i.e. circle compactifications along different directions[5].Further duality chain on
each side relates matrix theory and NCOS theory on higher dimensional tori[8].
These dual relations between string theories on noncommutative spacetime and ordinary
gauge theories, though guaranteed from dualities of ‘mother’ M/string theory, are quite
surprising. Immediate question related on these dualities of different type of theories is how
to map various kinds of excitations in one theory to those in its dual theory. In this paper,
we are especially interested in the dual of stringy degrees of freedom in NCOS theory. In
general, massive degrees of freedom of open strings are non-BPS, and thus disappear into
multi-particle states of massless spectrum as the coupling becomes strong. In the cases
of (1+1)-dimensional and (2+1)-dimensional theories SYM theories are S-dual to NCOS
theories and thus the above arguments may apply. However, in the (2+1)-dimensional
theory on torus, we have additional BPS states among string spectrum. They are states
with KK momentum along compactified x2-direction. Under ‘2-11’ flip, they map to D0-
branes, and thus become magnetic flux in the dual SYM theory. The exchange of D0-branes
between two D2-branes can be interpreted as the instanton process in (2+1)-dimensional
SYM theory. In particular, it has been shown that v4-terms and their superpartners in the
effective action of (2+1)-dimensional N = 8 SYM theory are completely determined by
one-loop contribution and instanton corrections[10, 11, 12]. In this paper we focus on the
same process in the SYM theory side and consider the dual process in the NCOS theory
to confirm the dual relation between instanton process in SYM theory and KK momentum
exchange in NCOS theory. In section 2, we obtain the effective action of probe M2-brane
on the background of tilted M2-branes, which correspond to the one-loop effective action
of SYM theory including non-perturbative instanton corrections. In section 3 we compute
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the scattering amplitude of the wound graviton off the D2-F1 bound state involving KK-
momentum transfer in x2-direction. In section 4, we draw our conclusions. As for a reference,
the relation between these two theories are summarized in table 1.
Theory NCOS SYM
(D2, F1) (M,N) (N,M)
gs ǫ
− 1
2G2o ǫ
1
4G−1o (
r2
le
)
3
2
α′ ǫα′e ǫ
1
2
G2ol
3
e
r2
gauge coupling g2YM
G2o
le
r2
2
G2ol
3
e
x2 radius ǫ
1
2 r2 G
2
ole
x11 radius G2ole ǫ
1
2 r2
k2 magnetic flux
magnetic flux k2
l3p ǫG
2
ol
3
e ǫG
2
ol
3
e
Table 1. 2+1 dimensional theories (α′e = l
2
e )
2 Effective action of probe M2-brane
In this section we consider D2-F1 bound state in the SYM theory limit. In order to obtain
the effective action of (2+1)-dimensional N = 8 SYM theory with electric flux, we use the
AdS/CFT correspondence[13, 14], which is well-established in the matrix theory limit[2, 15].
Note that in this limit, the scale of transverse direction and the scale of eleventh direction
behave in the same way,
r ∼ ǫ 12 , R ∼ ǫ 12 ,
and hence we should take into account the contribution from eleventh direction. D2-F1
bound state becomes tilted M2-branes bound state in eleven-dimensional lift. Therefore we
consider probe M2-brane dynamics in the background of source tilted M2-branes in the limit
and obtain the effective action of probe M2-brane which corresponds to the one loop effective
action of (2+1)-dimensional SYM theory with full non-perturbative instanton corrections.
2.1 Probe dynamics of M2-brane in the AdS4 background
In this subsection, we review the supergravity dual description of (2+1)-dimensional N = 8
SYM theory, without electric flux. In the limit (1), the world-volume theory of N D2-branes
reduces to (2+1)-dimensional N = 8 SYM theory. v4 terms and their superpartners are
completely determined by one-loop and non-perturbative instanton corrections[10]. This is
due to the non-renormalization property of the theory with 16 supercharges[11]. On the
other hand, the supergravity dual description is given by the probe dynamics of M2-brane
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in the background of periodically identified AdS4 spacetime, produced by the background
D2-branes in the SYM decoupling limit[12, 16]:
ds211 = h
−2/3
0 (−dt2 + dx21 + dx22) + h1/30 (dx23 + · · ·+ dx29 + dx211), (6)
where the eleven-dimensional harmonic function h0 is given by
h0 =
∞∑
n=−∞
25π2l6pN
(r2 + (x11 + 2πRn)2)3
, (7)
under x11-compactification, x11 ∼ x11 + 2πR, and r2 = x23 + · · ·+ x29. Here N denotes the
number of background M2-branes.
We consider the probe dynamics of M2-brane wrapping on x1, x2 directions and moving
with a constant velocity vI = ∂0x
I and v11 = ∂0x
11 in the transverse directions. The bosonic
part of the action for the probe M2-brane is given by
S2 = −T2
∫
d3ξ
√− det hαβ + iµ2
∫
H , (8)
where hαβ is the induced metric on the world-volume of the probe M2-brane and is given
by
hαβ = ∂αx
Mˆ∂βx
NˆgMˆNˆ , (9)
where Mˆ, Nˆ denote full eleven-dimensional spacetime coordinates, 0,1,· · · 9,11.
From the configurations we choose, it is natural to use the static gauge in which xα = ξα.
After plugging the metric (6) with the harmonic function h0 given in (7) and expanding in
powers of v2 = v2I + v
2
11, the action becomes
S2 =
∫
d3ξ (
1
2
T2v
2 +
1
8
T2h(v
2)2 +O((v2)3)) . (10)
This effective action contains many informations on the dual SYM theory. The vanishing
effective action for v2 = 0 tells that the corresponding configuration is BPS. In the dual SYM
theory, 16 supercharge guarantees the non-renormalization of kinetic terms, v2, of bosonic
fields, which is consistent with the above action. Furthermore it has been shown that v4-
terms and their superpartners are completely determined by one-loop and non-perturbative
instanton corrections. This can be shown to agree with the above action as well, by using
Poisson resummation formula:
∞∑
n=−∞
f(n) =
∞∑
m=−∞
∫ ∞
−∞
dφ f(φ) e2πimφ , (11)
on the harmonic function h0 which becomes
∞∑
n=−∞
1
(r2 + (x11 + 2πRn)2)3
=
1
16R
[ 3
r5
+
1
r3
∞∑
m=1
m2
R2
e−mr/R2 cos(mx11/R)
4
+
3
r4
∞∑
m=1
m
R
e−mr/R2 cos(mx11/R) +
3
r5
∞∑
m=1
e−mr/R2 cos(mx11/R)
]
. (12)
Note that the first term and the remaining terms with infinite sum over the index m corre-
spond to the one-loop correction and the instanton corrections, respectively, in the effective
action of (2+1)-dimensional SYM theory.
2.2 The background geometry for D2-F1 bound state
The bound state of D2-branes and fundamental strings is nothing but the tilted M2 branes
in eleven dimensions. The eleven-dimensional geometry due to these tilted M2 branes are
given by the corresponding x2 − x11 rotation of the above metric (6)[17]:
ds211 = h
−2/3(−dt2 + dx21 + dx22) + h1/3(dx23 + · · ·+ dx29 + (dx11 − ǫ1/2dx2)2), (13)
where the harmonic function h becomes
h = 1 +
25π2l6pN
(r2 + (cos θx2 + sin θx11)2)3
.
Under x11-compactification, x11 ∼ x11+2πR, the harmonic function h can be written as
h = 1 +
∞∑
n=−∞
25π2l6pN
(r2 + sin2 θ(x11 + 2πRn− cot θx2)2)3 , (14)
and also can be resummed using Poisson resummation formula as follows:
h− 1 = 2π
2l6pN
R sin θ
[ 3
r5
+
1
r3
∞∑
m=1
(
m
R sin θ
)2e−mr/R sin θ2 cos
m(x11 − x2 cot θ)
R
+
3
r4
∞∑
m=1
m
R sin θ
e−mr/R sin θ2 cos
m(x11 − x2 cot θ)
R
+
3
r5
∞∑
m=1
e−mr/R sin θ2 cos
m(x11 − x2 cot θ)
R
]
=
2π2l6pN
R sin θ
[
3
r5
(15)
+
∞∑
m=1
(
2
π
) 1
2 m2m1/2
(R sin θ)5
(
R sin θ
r
)5/2
K5/2(
mr
R sin θ
)2 cos
m(x11 − x2 cot θ)
R
]
In the R → 0 limit, the geometry becomes the one generated by the bound state of N
D2-branes and M fundamental strings:
ds2 = f˜ 1/2f−1(−dx20 + dx21) + f˜−1/2dx22 + f˜ 1/2(dx23 + · · ·+ dx29) , (16)
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where
f = 1 +
r50
r5
, (17)
Here the rotation angle θ becomes
cos θ =
gsM
√
α′
R2
(g2sM
2 α′
R2
2
+N2)1/2
=
MR
(M2R2 +N2R22)
1/2
,
and the constant r0 is given by
r50 = 6π
2gsα
′5/2(g2sM
2 α
′
R22
+N2)1/2 = 6π2α′2
R
R2
(M2R2 +N2R22)
1/2 ,
with x2-compactification radius R2.
2.3 Probe M2-brane dynamics in the tilted M2-brane background
In this subsection we would like to get the effective action of probe M2-brane in the back-
ground of tilted M2-branes, which is the eleven-dimensional lift of probe D2-brane dynamics
in the background of source (D2-F1) bound state as shown in the Fig. 1.
p r o b e  D 2
E l e c t r i c  
F l u x
    D 2 - F 1
b o u n d  s t a t e
x 1
x 2
Figure 1: D2 scattering in SYM theory
The probe M2-brane action is given by (8), now with new geometry (13). In order to
recover the results of SYM theory, we need to take the SYM limit (1). In this limit, u = r
α′
and φ8 =
x11
α′
fixed, and we have2
l3ph = 2π
2Ng4YM
[ 3
u5
+
1
u3
∞∑
m=1
(
m
g2YM
)2e−mu/g
2
YM2 cos(
m
g2YM
(φ8 − g
2
YM
R2
M
N
ξ2))
+
3
u4
∞∑
m=1
m
g2YM
e−mu/g
2
YM2 cos(
m
g2YM
(φ8 − g
2
YM
R2
M
N
ξ2))
+
3
u5
∞∑
m=1
e−mu/g
2
YM2 cos(
m
g2YM
(φ8 − g
2
YM
R2
M
N
ξ2))
]
(18)
2 Note that we use static gauge, x2 = ξ2.
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which is finite under the limit ǫ→ 0.
Here φ8 is interpreted as the dual scalar of (2+1)-dimensional gauge field Aµ,
∂µφ8 = εµνρF
νρ .
In the D2-F1 bound state, fundamental strings are dissolved and turned into electric flux,
i.e. F
(B)
01 6= 0. This implies the nontrivial background value of the dual scalar φ(B)8 ∝ ξ2 as
∂2φ
(B)
8 6= 0 .
This is gauge theory side interpretation why we have extra term in the argument of cosine
function in the eq. (18), namely, we can set
φ
(B)
8 = −
g2YM
R2
M
N
ξ2 (19)
.
The M unit of electric flux in N D2-branes can be expressed as
M = N
2πR2
gs
(α′)1/2ǫ01F (B)01√
1− (2πα′)2F 2(B)
. (20)
Therefore, in the SYM limit, the background electric field is given by
F
(B)
01 =
g2YM
2πR2
M
N
,
which is consistent with the above assignment (19):
The effective action of probe M2-brane in the geometry (13) becomes
S2 = −T2
∫
d3ξ
1
h
(
√
(1 + hǫ)(1− hǫv¯2I − hǫv¯211) + h2ǫ2v¯211 − 1)
= −T2ǫ
2
∫
d3ξ
[
(1− v¯2I − v¯211)
−1
4
hǫ(1 + v¯2I + v¯
2
11 + 2v¯11)(1 + v¯
2
I + v¯
2
11 − 2v¯11) +O((hǫ)2)
]
, (21)
where h is given by (18) and v¯I =
vI
ǫ1/2
and v¯11 =
v11
ǫ1/2
are fixed under the limit. One should
note that in the present case the effective action is nonvanishing even in the case for the
vanishing velocity, v = 0, as it is not a supersymmetric configuration.
In order to compare with the results of NCOS theory in the next section, we rewrite (18)
in terms of NCOS variables using the relation shown in table 1 as follows:
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l3ph = 6π
2N
ǫ
5
2G6ol
9
e
r2r5
[
(1 +
∞∑
m=1
e
− mr
r2ǫ
1/2 2 cos(
mx11
r2ǫ1/2
− mξ2
r2
))
+
∞∑
m=1
mr
r2ǫ1/2
e
− mr
r2ǫ
1/2 2 cos(
mx11
r2ǫ1/2
− mξ2
r2
)
+
1
3
∞∑
m=1
(
mr
r2ǫ1/2
)2e
− mr
r2ǫ
1/2 2 cos(
mx11
r2ǫ1/2
− mξ2
r2
)
]
(22)
In the next section we would like to recover the above results from the dual NCOS
theory. In particular, we will obtain exactly the same form as the terms linear in the
harmonic function h in (21).
3 Scattering of fundamental string off D2-F1 bound
state in NCOS theory
We now turn to the NCOS theory and consider the process dual to that of D0-brane exchange
between D2-branes. The D0-brane exchange is interpreted as the momentum transfer in the
eleventh dimention, M-momentum transfer, which becomes the momentum exchange in
the x2 direction in the NCOS theory side, through the ‘2-11’ flip or T2ST2 duality chain.
The probe D2-brane in the SYM side corresponds to a fundamental string in the NCOS
theory under the same duality chain. The dual process of the probe D2-brane scattered
off the source D2-brane is then given by the usual string amplitude for the scattering of
fundamental closed string off the D-brane. The diagram for the amplitude is depicted in
Fig.2. It has two closed string vertices and, in addition to them, two open string vertex
insertions, which are necessary for describing the momentum transfer in the x2 direction.
Figure 2: Process in the NCOS theory dual to M-momentum transfer in the SYM theory
The process in the SYM side considered in the last section is the low energy one and
assumes that the branes have no fluctuating modes on their worldvolume. This leads us to
take the vertices in the string diagram for the dual process to be those for lowest states,
that is, massless states. For the closed string, we take graviton states polarized transversely
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to the D2-brane to consider the process dual to that in the SYM side. Associated with
the momentum transfer in the x2 direction, the vector states polarized along the D2-brane
world-volume directions are taken as open string vertices, since the dual process in the SYM
side is represented by the gauge field dynamics. Note that the D2-brane carrying electric
flux spans x1 and x2 spatial directions, which are compactified on circles of radius R1 and
R2, respectively. According to the duality chain, closed string dual to the probe D2-brane
in the SYM side has winding along the x1 direction. In view of the NCOS limit, this is the
right situation, because only closed string winding along the direction where the electric
field is turned on (here x1) can be involved in the NCOS dynamics [18].
For the evaluation of the disk diagram, Fig.2, we use the usual doubling trick [19] which
expresses the world-sheet field X(z, z¯) in terms of its holomorphic part only as follows:
XM(z, z¯) = XM(z) + (DM−1)MNX
N(z¯) , (23)
where D is the diagonal matrix with elements +1 in the directions parallel to the D2-brane
and −1 in transverse directions. The matrix M is due to the boundary conditions in the
presence of the electric field E and its non-trivial part is given by 3
(M−1)µν =
1
1− E2
(
1 + E2 2E
2E 1 + E2
)µ
ν
. (24)
For other directions, M is identity. From now on, we represent DM−1 as R for notational
convenience;
R ≡ DM−1 .
The string scattering amplitude we will consider is then given by
A ≃
∫
d2zd2z′
∫
dydy′〈V (z, z¯), V ′(z′, z¯′)V (y)V ′(y′)〉 . (25)
where the first two vertices are for wound gravitons4 and the last two vertices for vector
fields on the D2-brane. Each vertex is expressed as follows:5
V (z, z¯) = G2oǫξIJ : V
I
−1(p, z) :: V
J
−1(R
T p˜, z¯) : ,
V ′(z′, z¯′) =
G2o
α′e
ξ′IJ : V
I
0 (p
′, z′) :: V J0 (R
T p˜′, z¯′) : ,
V (y) =
Go√
α′e
ζ · (1 +M−1)α : V α0 (k · (1 +R), y) : ,
V ′(y′) =
Go√
α′e
ζ ′ · (1 +M−1)α : V α0 (k′ · (1 +R), y′) : , (26)
3A detailed discussion for the matrices M and D may be found in [20].
4Detailed description for the wound graviton can be found in [21].
5The factor ǫ ≡ 1− E2 multiplied to the vertex operator in the −1 picture for the wound graviton was
absent in a previous literature [22]. This is due to the fact that we use the metric gMN in the Green’s
function for the world-sheet fermions, Eq.(29), rather than ηMN .
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where p and p′ (p˜ and p˜′) are momenta of the wound gravitons contributed from the left
(right) moving sector of the closed string. The vertex operators in each picture are given by
V M−1(q, z) = e
−φ(z)ψM(z)eiq·X(z) ,
V M0 (q, z) =
(
∂XM (z) + i
α′
2
q · ψ(z)ψM (z)
)
eiq·X(z) . (27)
The evaluation of the amplitude A in a fully covariant way is a formidable task and
is not our aim. Since we are interested in the process dual to the M-momentum transfer
between D2-branes in the SYM side, we now take a particular situation. Firstly, we take
the backward scattering at least in the x2 direction, since, in the SYM side, the D2-branes
do not cross each other in the eleventh direction while transferring M-momenta. Secondly,
all the momenta are assumed not to have KK momenta in the x1 direction, which is also
the case in the SYM side.
Then, for the open string states, the momenta k and k′ are taken to be kα = (m/R2, 0, m/R2)
and k′α = (−m′/R2, 0, m′/R2), where m and m′ are integers. Since the open string states
are massless and thus satisfy ζ · k = ζ ′ · k′ = 0, and k2 = k′2 = 0, the polarizations can be
chosen to have no components in the x0 and x2 directions. The closed string states have
winding in the x1 direction. Two wound gravitons are set to have equal winding number.
In the x2 direction, we take the states to have KK momentum but no winding. The compo-
nents of each momentum are then as follows: from the left moving part of the closed string,
pM = (p0, R1w/α
′, n/R2, p⊥) (p′M = (−p′0,−R1w/α′, n′/R2,−p′⊥)) where p⊥ (p′⊥) represents
the momentum components transverse to the D2-brane and n, n′, and w are integers ; from
the right moving part, p˜M = (p0,−R1w/α′, n/R2, p⊥) (p˜′M = (−p′0, R1w/α′, n′/R2,−p′⊥)).
Since the closed string states are wound gravitons which are taken to be polarized trans-
versely to the D2-brane, we have ξT = ξ, Trξ = Trξ′ = 0, ξ·p = ξ·p˜ = 0, and ξ′·p′ = ξ′·p˜′ = 0.
Under the situation taken as above, what we are interested in is the amplitude when the
transverse momentum difference between the two wound gravitons is very small, |p′⊥−p⊥| ≃
0. It is obtained by looking at the pole terms in (p′ + p)2 and its evaluation is performed in
a standard way, and thus we will omit the calculational details.6 However, we would like to
note two points: we should bear in mind the momentum conservation law,
p +RT · p˜+ p′ +RT · p˜′ + k · (1 + R) + k′ · (1 +R) = 0 , (28)
and the phase factors coming from the space-time noncommutativity do not appear. The
latter point implies that the Green’s functions for the world-sheet fields that we need are
6Similar calculation with just transverse momentum (p⊥) transfer has been done in [23], in the context
of NCOS theory as well as non-relativistic string theory [24].
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the usual ones, that is,
〈XM(z)XN (z′)〉 = −α
′
2
gMN ln(z − z′) ,
〈ψM(z)ψN (z′)〉 = − g
MN
z − z′ . (29)
After fixing the SL(2,R) symmetry present in the amplitude A which we choose as z′ = i
and y′ =∞ and doing some manipulations, we obtain the expression for the amplitude as
A ≃ G
4
o
α′e
1
α′(p+ p′)2
Tr(ξ · ξ′)(ζ · ζ ′)α′k · (p′ − p)α′k′ · (p′ − p) +O(p′ + p) , (30)
where the indices of polarization tensors are contracted with the usual Minkowskian metric
ηMN while the other contractions are done by using gMN . The part of O(p′+p) leads to the
interactions, more or less, corresponding to the spin-dependent interactions in the dual SYM
theory[25]. Such kind of interactions is beyond of our concern because as we are studying
the process dual to that in the SYM theory, which is spin-independent.
Now, we plug the components of momenta specified above into A, Eq.(30), and eliminate
p0 (p
′
0) through the mass shell condition p
2 = 0 (p′2 = 0). Then, in the NCOS limit, we get
A ≃ G
4
o
α′e
Tr(ξ · ξ′)(ζ · ζ ′)
α′e(∆n2/R
2
2 + q
2)
R21m
2w2
R22
(1+ v2⊥+ v
2
2 +2v2)(1+ v
2
⊥+ v
2
2 − 2v2) +O(p′+ p) . (31)
where ∆n = n′ + n is the amount of KK momentum exchange in the x2 direction and
q = p′⊥ − p⊥ is the momentum transfer between the closed string and the D2-brane in the
transverse directions to the D2-brane. The v’s are the ‘velocities’ of the closed string which
are defined as
v⊥ =
α′e
R1w
p⊥ , v2 =
α′e
R1R2w
n , (32)
where R1w
α′e
plays the role of non-relativistic mass [24].
Let us turn to the probe dynamics in the SYM theory and expand the potential in term
of ǫh. The leading interaction term, which is linear order in h, Eq. (21), should be compared
with the amplitude (31). We now see that the velocity factors agree exactly with those in
the SYM theory, if we perform replacements, v⊥ → v¯I and v2 → v¯11. As for the interaction
type, there should be terms in the NCOS theory that have the same form as those in the
harmonic function ǫh in (22), as was alluded in the last section. In order to confirm this,
we Fourier transform the 1/(∆n2/R22 + q
2) factor in Eq.(31);
1
R2
∑
∆n
ei∆nx2/R2
∫
d7q
(2π)7
eiq·x⊥
1
α′e(∆n2/R
2
2 + q
2)
=
3
16π3α′eR2
1
r5
[(
1 +
∞∑
∆n=1
e−∆nr/R22 cos(∆nx2/R2)
)
+
∞∑
∆n=1
∆nr
R2
e−∆nr/R22 cos(∆nx2/R2)
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+
1
3
∞∑
∆n=1
(∆nr
R2
)2
e−∆nr/R22 cos(∆nx2/R2)
]
=
1
16π3α′eR2
1
r5
[
3 +
∞∑
∆n=1
(2
π
)1/2(∆nr
R2
)5/2
K5/2
(∆nr
R2
)
2 cos(∆nx2/R2)
]
, (33)
where r =
√
x2⊥. This is exactly the same, up to an overall coefficients, as the harmonic
function h in (22). Note that, in the comparison, ‘2-11’ flip has been implied, in which
the KK-momentum exchange, ∆n, in NCOS theory is traded to the instanton process, i.e.
D0-brane exchange, m. This completes the study of process in the NCOS theory dual to
that in the SYM theory.
4 Conclusions
The duality between (2+1)-dimensional N = 8 SYM theory with electric flux and (2+1)-
dimensional NCOS theory is inherited from ‘2-11’ flip of ’mother’ M/string theory. Still yet,
this duality is quite surprising as those two theories have completely different characteristics.
One is the ordinary gauge theory whose low energy excitations are gauge fields, while the
other is theory of strings living on noncommutative spacetime. The duality is more or less
strong-weak duality. Therefore the general stringy excitations in NCOS theory decay into
massless states or stable massive BPS states in the strong coupling limit, and thus can not
be seen in the dual SYM theory.
However, we can still find some pieces of evidence of the duality by considering the
process involving non-trivial BPS spectrum. One such a process in SYM theory is the
one corresponding to D2-D2 scattering process which involves instanton contributions, i.e.
D0-brane (or M-momentum, in eleven-dimensional sense) exchange. The dual process in
NCOS theory is the KK-momentum transfer in x2-direction, in the scattering amplitude of
the closed fundamental string off the D2-F1 bound state. We showed that both of them
give rise to the same results in the linear terms in the harmonic function h, up to overall
coefficients. They have the same behavior in the r dependence as well as in the non-trivial
velocity dependence. In order to obtain infinite sum of instanton corrections in the dual
NCOS theory, we should sum over all the KK-momentum transfer in x2-direction. Higher
order terms in h in the effective action (21) are expected to correspond to higher loop
corrections of the same scattering amplitude in NCOS theory.
In (3+1)-dimensional case, NCOS theory is S-dual to noncommutative Yang-Mills theory.
Furthermore NCOS theory on T 2 is U-dual (T 2ST 2-dual) toN = 4 SYM theory with electric
flux. Interestingly enough, the gauge coupling in SYM theory is independent of the open
string coupling in NCOS theory, and thus it is not clear what happen to the stringy degrees
12
of freedom in the regime of SYM theory. We hope to return this issue in the near future
[26].
Acknowledgments
We would like to thank Sangmin Lee for useful discussions. The work of S.H. was supported
in part by grant No. 2000-1-11200-001-3 from the Basic Research Program of the Korea
Science and Engineering Foundation.
References
[1] M. R. Douglas, D. Kabat, P. Pouliot and S. H. Shenker, “D-branes and Short Distances
in String Theory,” Nucl. Phys. B485 (1997) 85, hep-th/9608024; T. Banks, W. Fischler,
S. Shenker, L. Susskind, “M Theory As A Matrix Model: A Conjecture,” Phys. Rev.
D55 (1997) 5112, hep-th/9610043; L. Susskind, “Another Conjecture about M(atrix)
Theory,” hep-th/9704080; N. Seiberg, “Why is the Matrix Model Correct?,” Phys. Rev.
Lett. 79 (1997) 3577, hep-th/9710009; A. Sen, “D0 Branes on T n and Matrix Theory,”
Adv. Theor. Math. Phys. 2 (1998) 51, hep-th/9709220.
[2] J. Polchinski, “M-Theory and the Light Cone,” Prog. Theor. Phys. Suppl. 134 (1999)
158, hep-th/9903165; W. Taylor, “M(atrix) Theory: Matrix Quantum Mechanics as a
Fundamental Theory,” Rev. Mod. Phys. 73 (2001) 419, hep-th/0101126.
[3] E.Witten, “Bound States Of Strings And p-Branes,” Nucl. Phys. B460 (1996) 335,
hep-th/9510135.
[4] N. Seiberg, L. Susskind and N. Toumbas, “Strings in Background Electric Field,
Space/Time Noncommutativity and A New Noncritical String Theory,” JHEP 0006
(2000) 021, hep-th/0005040; R. Gopakumar, J.M. Maldacena, S. Minwalla and A.
Strominger, “S-Duality and Noncommutative Gauge Theory,” JHEP 0006 (2000) 036,
hep-th/0005048; O.J. Ganor, G. Rajesh and S. Sethi, “Duality and Non-Commutative
Gauge Theory,” Phys. Rev. D62 (2000) 125008 hep-th/0005046.
[5] R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, “OM Theory in Diverse
Dimensions,” JHEP 0008 (2000) 008, hep-th/0006062.
[6] E. S. Fradkin and A. A. Tseytlin, Phys. Lett. B163 (1985) 123; C. G. Callan, C.
Lovelace, C. R. Nappi and S. A. Yost, Nucl. Phys. B288 (1985) 525.
13
[7] N. Seiberg and E. Witten, “String Theory and Noncommutative Geometry,” JHEP
9909 (1999) 032, hep-th/9908142.
[8] S. Hyun, “U-duality Between NCOS Theory and Matrix Theory,” Nucl. Phys. B598
(2001) 276, hep-th/0008213.
[9] S. Gukov, I. Klebanov and A.M. Polyakov, “Dynamics of (n, 1) Strings,” Phys. Lett.
B423 (1998) 64, hep-th/9711112; I. Klebanov, Talk delivered at Lennyfest, Stanford,
May 2000.
[10] J. Polchinski and P. Pouliot, “Membrane Scattering with M-Momentum Transfer,”
Phys. Rev. D56 (1997) 6601, hep-th/9704029.
[11] S. Paban, S. Sethi and M. Stern, “Summing Up Instantons in Three-Dimensional Yang-
Mills Theories,” Adv. Theor. Math. Phys. 3 (1999) 343, hep-th/9808119.
[12] S. Hyun, Y. Kiem and H. Shin, “Effective Action for Membrane Dynamics in DLCQ
M theory on a Two-torus,” Phys. Rev. D59 (1999) 021901, hep-th/9808183.
[13] J. M. Maldacena, “The Large N Limit of Superconformal Field Theories and Super-
gravity,” Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200; S.S. Gubser, I.R.
Klebanov, A.M. Polyakov, “Gauge Theory Correlators from Non-Critical String The-
ory,” Phys. Lett. B428 (1998) 105, hep-th/9802109; E. Witten, “Anti De Sitter Space
And Holography,” Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.
[14] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “Large N Field Theories,
String Theory and Gravity,” Phys. Rept. 323 (2000) 183, hep-th/9905111.
[15] S. Hyun, Y. Kiem and H. Shin, “Infinite Lorentz boost along the M-theory circle and
non-asymptotically flat solutions in supergravities,” Phys. Rev. D57, 4856 (1998), hep-
th/9712021; S. Hyun, “The Background Geometry of DLCQ Supergravity,” Phys. Lett.
B441 (1998) 116, hep-th/9802026; S. Hyun and Y. Kiem, “Background geometry of
DLCQ M theory on a p-torus and holography,” Phys. Rev. D59 (1999) 026003, hep-
th/9805136.
[16] I. Chepelev and A. A. Tseytlin, “On membrane interaction in matrix theory,” Nucl.
Phys. B524 (1998) 69, hep-th/9801120.
[17] M. B. Green, N. D. Lambert, G. Papadopoulos and P. K. Townsend, “Dyonic p-branes
from self-dual (p+1)-branes,” Phys. Lett. B384 (1996) 86, hep-th/9605146; J. G. Russo
and A. A. Tseytlin, “Waves, boosted branes and BPS states in M-theory,” Nucl. Phys.
14
B490 (1997) 121, hep-th/9611047; M. S. Costa and G. Papadopoulos, “Superstring
dualities and p-brane bound states,” Nucl. Phys. B510 (1998) 217, hep-th/9612204;
J. X. Lu and S. Roy, “Non-threshold (F, Dp) bound states,” Nucl. Phys. B560 (1999)
181, hep-th/9904129.
[18] I. R. Klebanov and J. Maldacena, “1+1 Dimensional NCOS and its U(N) Gauge Theory
Dual,” Int. J. Mod. Phys. A16 (2001) 922, hep-th/0006085.
[19] A. Hashimoto and I. R. Klebanov, “Scattering of Strings from D-branes,” Nucl. Phys.
Proc. Suppl. 55B (1997) 118, hep-th/9611214.
[20] S. Hyun, Y. Kiem, S. Lee and C.-Y. Lee, “Closed Strings Interacting with Noncommu-
tative D-branes,” Nucl. Phys. B569 (2000) 262, hep-th/9909059.
[21] U. H. Danielsson, A. Guijosa, M. Kruczenski, “IIA/B, Wound and Wrapped,” JHEP
0010 (2000) 020, hep-th/0009182; U. H. Danielsson, A. Guijosa, M. Kruczenski, “New-
tonian Gravitons and D-brane Collective Coordinates in Wound String Theory,” JHEP
0103 (2001) 041, hep-th/0012183.
[22] C. P. Herzog and I. R. Klebanov, “Stable Massive States in 1+1 Dimensional NCOS,”
Phys. Rev. D63 (2001) 046001, hep-th/0009017.
[23] F. Kristiansson and P. Rajan, “Wound String Scattering in NCOS Theory,” Phys.Lett.
B502 (2001) 235, hep-th/0011054.
[24] J. Gomis and H. Ooguri, “Non-Relativistic Closed String Theory,” J. Math. Phys. 42
(2001) 3127, hep-th/0009181.
[25] J. A. Harvey, “Spin Dependence of D0-brane Interactions,” Nucl. Phys. Proc. Suppl.
68 (1998) 113,hep-th/9706039.
[26] S. Hyun and H. Shin, in progress.
15
